The aim of this paper is to introduce a method for increasing the convergence rate of the Wallis sequence. Some sharp inequalities are stated.
Introduction
One of the most known formula for estimating of the number π is the Wallis' formula It was discovered in 1655 by the English mathematician John Wallis (1616-1703), while he was preoccupied to calculate the value of π by finding the area under the quadrant of a circle. The Wallis' formula is also related to the problem of estimation of the large factorials, which plays a central role in combinatorics, graph theory, special functions and other branches of science as physics or applied statistics.
The Wallis' sequence Here, to every approximation of the form π/2 ≈ f (n) , we define the relative error sequence (ωn) n≥1 by the formula
and we say that the approximation π/2 ≈ f (n) is as better as (ωn) n≥1 faster converges to zero. The speed of convergence of the sequence (ωn) n≥1 is computed throughout this paper, using the following basic Lemma 1.1. If (ωn) n≥1 is convergent to zero and there exists the limit
We see from Lemma 1.1 that the speed of convergence of the sequence (ωn) n≥1 increases together with the value k satisfying (1.2). This Lemma was used by Mortici [2] - [15] for constructing asymptotic expansions, or to accelerate some convergences. For proof and other details, see, e.g., [2] , or [4] . We use these ideas by considering new factors to accelerate the convergence of the Wallis sequence and to obtain better approximations for π.
It is well known that the speed of convergence of the sequence ln Wn toward ln π 2 is n −1 (this also follows from Theorem 2.1, i) from the next section).
We will see that a simple change in (Wn) n≥1 of the last factor 2n by 2n − 1 4 in the denumerator and of the last factor 2n + 1 by 2n + 1 4 in the denominator, we obtain the quicker sequence
such that ln tn converges to ln π 2 with the speed of convergence n −3 . Other idea to improve the speed of convergence is to consider new factors of the form
where P, Q are polynomials of equal degrees. More precisely, we define in this paper the sequences
n + having increasingly speed of convergence. In fact, the sequences ln ρn, ln σn, ln τn, ln χn converge to ln
with the speed of convergence n −3 , n −5 , n −7 and n −9 respectively.
Modifying the last fraction
First we modify the last fraction from (1.1) to define the sequence
where a, b are real parameters. For a = 0 and b = 1, the Wallis sequence is obtained and we prove that for a = −1/4 and b = 1/4, the resulting sequence has a superior speed of convergence.
In this sense, let us define the sequence (ωn) n≥1 by
Now we are in position to state the following Theorem 2.1. Let (ωn) n≥1 be the sequence defined by (2.2), where a, b are real parameters. Then:
, then the speed of convergence of (ωn) n≥1 is n −1 , since
and (a,
, then the speed of convergence of (ωn) n≥1 is n −2 , since
, then the speed of convergence of (ωn) n≥1 is n −3 , since lim n→∞ n 3 ωn = 3 256 = 0.
Proof. As we are interested to compute limits of the form (1.2), we develop in power series of n −1 the sequence
1 n 4 + O 1 n 5 and now the conclusion easily follows using Lemma 1.1.
Adding new rational factors
Other interesting method to improve the speed of convergence of the Wallis sequence is to add new factors of the form
where P, Q are polynomials of equal degrees, having the leading coefficient equal to one. In this sense, we give the following results:
Theorem 3.1. Let us define the sequence (µn) n≥1 by
, then the speed of convergence of (µn) n≥1 is n −1 , since
and (a, b) = 5 8 , 3 8 , then the speed of convergence of (µn) n≥1 is n −2 , since
, then the speed of convergence of (µn) n≥1 is n −3 , since
Proof. We have
, and the conclusion follows using Lemma 1.1. 
ii) If α = 0 and β = 0, then the speed of convergence of (νn) n≥1 is n −2 , since
iii) If α = β = 0, and γ = 0, then the speed of convergence of (µn) n≥1 is n −3 , since
iv) If α = β = γ = 0 and δ = 0, then the speed of convergence of (µn) n≥1 is n −4 , since
), then the speed of convergence of (µn) n≥1 is n −5 , since lim n→∞ n 5 νn = 45 16384 .
1 n 6 and we recognize the coefficients α, β, γ, δ in this power series. The conclusion follows using Lemma 1.1.
More accurate results can be established in case of the family of approximations of the form
where a, b, c, d, f, g are real parameters. As above, we introduce the sequence (ψn) n≥1 by
and we can state the following For every other real parameters a, b, c, d, f, g, different from the values (3.1), the speed of convergence of the sequence (ψn) n≥1 is at most n −6 .
Proof. We have 
